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Abstract
I apply the algebraic framework developed in [1] to study geometry of hyperbolic spaces in
1, 2, and 3 dimensions. The background material on projectivised Clifford algebras and their
application to Cayley-Klein geometries is described in [2].
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1 Hyperbolic line H1
For a point a = de0 +ae1, I compute aa˜ = a
2 = a2−d2 and ‖a‖ = √|a2 − d2|. A point a is proper if
a2 > 0, which is equivalent to |a| > |d|. Therefore, a = −xe0 +e1 is proper only if |x| < 1. Positively
oriented normalised proper points can be parameterised by φ as follows:
a = −e0 sinhφ+ e1 coshφ. (1)
As a vector, a dually represents a point in H1 at x = tanhφ. This parametrisation does not cover
negatively oriented points. Since a = e1(coshφ+ e01 sinhφ) = e1e
φe01 , I can write
a = e1e
φe01 (2)
for any normalised proper point with the positive orientation.
In H1, the distance r between normalised proper points a and b is defined by
sinh r = |a ∨ b|. (3)
The distance also satisfies cosh r = |a ·b|, since |a ·b|2−|a∨b|2 = 1 for any normalised proper point.
For a = −e0 sinhφ+e1 coshφ and b = −e0 sinh θ+e1 cosh θ, I get a·b = coshφ cosh θ−sinhφ sinh θ =
cosh(φ− θ) and, therefore,
r = |φ− θ|. (4)
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It follows that the point n+ = −e0+e1 is at the positive infinity, r = +∞, and the point n− = e0+e1
is at the negative infinity, r = −∞ (both n+ and n− are null). The distance to the other points is
undefined, e.g. the distance from the origin to e0 is undefined. The metric component of the space
H1 resides within the interval (−1, 1). Both x = +1 and x = −1 are at the infinite distance from
the origin. The points outside of (−1, 1) exists in H1 in a non-metric sense only, since they are not
reachable by translation from anywhere in the interval (−1, 1). So, in the metric sense, the space H1
is open and non-periodic, with two distinct infinities at x = +1 and x = −1.
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Figure 1: The distance between points in H1.
The points a and b shown in Figure 1(a) are parameterised with φ = 1 and θ = −1
2
, respectively.
So, the distance between them evaluates to r = |1 − (−1
2
)| = 3
2
. The subspaces dually represented
by the null vectors n+ and n− are shown with dotted lines.
It is sometimes useful to visualise H1 as a pair of hyperbolic curves defined by
w2 − x2 = 1 (5)
and shown in Figure 1(b), instead of a straight line at w = 1. Antipodal points on the curves are
identified, but it is sufficient to consider just one branch corresponding to, say, w ≥ 1. In contrast
with the circular model of E1, the relationship between the distance in H1 and the arc length on
the hyperbolic curves is not uniform. For example, a series of points equidistant in H1 is shown in
Figure 1(b); the points are parameterised with φ = −1.5,−1,−0.5, 0, 0.5, 1, 1.5 (the distance between
the adjacent points is 0.5). Clearly, these points are not separated by segments of equal length. In
fact, it is the areas enclosed by the hyperbolic curves and the relevant straight lines that are equal.
Moreover, the space H1 is characterised by a constant negative curvature of −1, whereas a hyperbola
has a variable positive curvature. The utility of the hyperbolic curves is that they provide a model
of H1 in which it is clearly unbound from Euclidean point of view.
Hyperbolic space is superficially similar to Minkowski space, since both spaces make use of the
hyperbolic measure (related to the use of hyperbolic functions). However, in Minokwski space it is
the angular measure that is hyperbolic and in hyperbolic space it is the distance measure that is
hyperbolic. Moreover, Minkowski space is flat (zero curvature) and the distance measure is degenerate
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there, whereas hyperbolic space has a constant negative curvature, which gives it the hyperbolic
distance measure.
The standard definition of spinors applies in H1. Any spinor can be written as either S = e
φe01
or −eφe01 for some φ ∈ R. Proper motions consist of translations and are generated by the action
SaS−1. Note that the action of −S is exactly the same as that of S, so it is sufficient to consider
spinors S = eφe01 .
As usual, the translation of a point a by λ is given by TaT−1, where T = e−
1
2
λe01 , and if a is
parameterised with φ, then a′ = TaT−1 can be parameterised with φ′ = φ + λ. So, e1eφe01 can be
interpreted as the translation of the origin e1 by φ.
The top-down reflection of a in b is given by −bab−1, and if a and b are parameterised with φ and
θ, respectively, then a′ = −bab−1 = −e1e(θ−φ+θ)e01 . If a is positively oriented, then a′ is negatively
oriented, and vice versa.
If a is a proper point at x ∈ (−1, 1), then its polar point ae01 is at 1/x and, therefore, is not proper.
The points n+ and n− are polar to themselves (up to a change in orientation in the case of n−), i.e.
n+e01 = n+ and n−e01 = −n−.
The projection of a on b is given by (a ·b)b−1, which yields b cosh(φ− θ) if a and b are proper and
normalised (a on b are parameterised by φ and θ, respectively). The rejection of a by b is given by
(a ∧ b)b−1, which yields be01 sinh(φ− θ) for the normalised proper points. As in elliptic space, the
rejection by b is equivalent to the projection on the polar point of b. It is not possible to project on
or reject by n+ and n− since they are null and not invertible.
2 Hyperbolic plane H2
For a line a = de0 + ae1 + be2, I have aa˜ = a
2 = a2 + b2 − d2 and ‖a‖ = √|a2 + b2 − d2|. The line
is proper if a2 > 0, null if a2 = 0, and improper if a2 < 0. For a point P = we12 + xe20 + ye01, I
have PP˜ = −P2 = w2 − x2 − y2 and ‖P‖ = √|w2 − x2 − y2|. The point is proper if P2 < 0, null
if P2 = 0, and improper if P2 > 0. Recall that P = e12 + xe20 + ye01 represents a counterclockwise
point in H2 at (x, y). It is proper if (x, y) is located within the unit circle
1 defined by
x2 + y2 = 1, (6)
improper if it is outside this circle, and null if it lies on the circle. The same applies to clockwise
points and points with arbitrary weight. A line is proper if it intersects the unit circle in two points,
or alternatively if the line passes through a proper point. It is null if it is tangent to the unit circle,
and improper otherwise.
The distance r ∈ [0,+∞) between two normalised proper points P and Q is defined by
sinh r = ‖P ∨Q‖. (7)
Since |P ·Q|2−‖P∨Q‖2 = 1 for the normalised proper points, the distance r also satisfies cosh r =
|P·Q|. If a proper point P is expressed via the standard coordinates x and y, i.e. P = e12+xe20+ye01,
then ‖P‖ = √1− (x2 + y2) and the distance from the origin to P satisfies
sinh r =
√
x2 + y2√
1− (x2 + y2) , cosh r =
1√
1− (x2 + y2) . (8)
1Note that this descriptive terminology is used in a non-metric sense here.
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Figure 2: Visualising H2
If the above expressions are applied to null points, the resulting distance is infinite. So the null
points, i.e. points on the unit circle in H2, are at the infinite distance from the origin. In other
words, the unit circle represents the infinity in H2. The improper points, which lie outside the unit
circle, exist in H2 in a non-metric sense only since they are not reachable from any proper point.
In general, the distance between proper points P and Q can be understood as the pseudo-Euclidean
angle between the 1-dimensional linear subspaces in R3 corresponding to J(P) and J(Q), where R3
is viewed as a 3-dimensional Minkowski space with the time-like direction along the w-axis.
For a proper line a, its polar point aI is improper. On the other hand, if the line a is improper, then
its polar point aI is proper. If a is null, i.e. tangent to the unit circle, then aI is also null and is
located at the point where a touches the unit circle.
A line intersecting a at a proper point is perpendicular to a provided that it also passes through
the polar point aI of the line a. The reverse is true as well, i.e. any line perpendicular to a passes
through aI. In general, the angle α between two normalised proper lines a and b intersecting at a
proper point is defined by
cosα = a · b. (9)
If two proper lines intersect at an improper point, the distance r of the closest approach between
the lines satisfies cosh r = |a · b| and sinh r = ‖a ∧ b‖. To find the points on the lines where this
minimal separation is achieved, find the proper line c = (a∧ b)I−1 whose polar point coincides with
a∧ b. This line is perpendicular to both a and b and its intersection with a and b yields the points
of the closest approach, i.e. cosh r = |P · Q| where P = a ∧ c/‖a ∧ c‖ and Q = b ∧ c/‖b ∧ c‖.
This is illustrated in Figure 2(a) where a = −3
2
e0 + 3e1 +
1
2
e2 and b =
1
2
e0 + e1 +
1
2
e2, which gives
a ∧ b = e12 + e20 − 3e01 and (a ∧ b)I−1 = −13e0 + 13e1 − e2.
If two proper lines intersect at a null point, the separation between them decreases the closer one
gets to the unit circle, which represents the infinity in H2. In this case, one might say the lines meet
at infinity.
Whether the two lines intersects at a null or an improper point, they may be considered parallel
since they do not intersect at a finite distance (lines intersecting at improper points are also called
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Figure 3: Basic properties of H2
hyperparallel). In Euclidean and Minkowski spaces, the distance between parallel lines is constant (it
does not depend on the position on the lines) and, therefore, parallel lines can be defined by means
of this property. In Hyperbolic space, this is no longer the case, since the distance between parallel
lines depends on the position on the lines, with the minimal separation attained at unique points on
the lines if they are hyperparallel.
It is possible to visualise the metric component of H2 as a hyperboloid of two sheets defined by
w2 − x2 − y2 = 1. (10)
The antipodal points on the hyperboloid, i.e. points on the sheets which lie on the same line passing
through the origin, are identified. However, since the sheets of the hyperboloid are disconnected, it
is sufficient to consider only one of them, say, the one corresponding to w ≥ 1. This visualisation is
a natural extension of the metric component of H1 viewed as a hyperbola. As in the 1-dimensional
case, this visualisation has limited utility as it does not represent the distances in a uniform fashion
and does not encompass the improper points at all. A line in H2 can be identified with a pair of
parabolas as shown in Figure 2(b) for the lines a and b.
The polar point aI = 1
2
e12 +e20 +
1
2
e01 of the proper line a = −12e0 +e1 + 12e2 is shown in Figure 3(a).
The null points where a intersects the unit circle are given by N± = (a± I)(a · e12) if the proper line
a is normalised. The lines passing through aI and the points N+ and N− are tangent to the unit
circle, i.e. (aI) ∨N+ and (aI) ∨N− are null. For any two proper points P and Q, the commutator
P×Q gives the polar point of the line P ∨Q.
The line passing through the proper point P = e12 − 12e20 + 13e01 and perpendicular to a is given by
a ·P as usual. Note that a ·P also passes through the polar point of a. There are infinite number of
lines in H2 which pass through P and are parallel to a; some of them are shown in Figure 3(a) with
dotted lines. The projection of P on a is defined in the usual way and is located at the intersection
of a and a ·P. The rejection is located at the polar point of a as expected.
The distance r between a proper line a and a proper point P satisfies sinh r = |a ∨ P| provided
that the line and the point are normalised. The same distance also satisfies cosh r = ‖a · P‖ since
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Figure 4: Reflection and translation in H2
‖a ·P‖2−|a∨P|2 = 1 in H2. For instance, sinh r = 5/6√23/6 for a and P shown in Figure 3(a). For any
proper line a = de0 + ae1 + be2, which is normalised, the distance from the origin to the line satisfies
sinh r = |d|.
The area S of a right triangle in H2 defined by the proper points P, Q, R satisfies the same formula
as in elliptic space E2. Namely,
sinS = |P ∨Q ∨R|
1 + |Q ·R| (11)
where the points are assumed to be normalised and (P∨Q) ·(P∨R) = 0, i.e. the angle at P equals pi
2
.
However, since the metric is different, the numeric value of the area is different from that in E2 for
a given triangle. The above expression is not applicable if either Q or R is null (P cannot be null,
otherwise the angle at P would be zero rather than pi
2
). By treating the normalisation explicitly one
obtains an equivalent expression: sinS = |P ∨Q ∨R|/(‖Q‖‖R‖ + |Q ·R|), where Q and R need
not be normalised and, therefore, can be null, in which case sinS = |P ∨Q ∨R|/|Q ·R| where Q
and R are not normalised but P is.
The area S of a general hyperbolic triangle is given by
S = −α− β + γ, (12)
which is also equal to S = pi − (α + β + pi − γ), where α = arccos( r·q‖r‖‖q‖), β = arccos( r·p‖r‖‖p‖),
γ = arccos( q·p‖q‖‖p‖), and r = P ∨Q, q = P ∨R, p = R ∨Q. Note also that even though hyperbolic
space H2 is unbound and has an infinite area, there is an upper bound on the area a triangle in H2
can assume. It is equal to pi, which is the area of any triangle whose corners lie at infinity (α, β = 0
and γ = pi in this case). The upper bound on the area of the right triangle is pi
2
.
Reflection in a proper line is defined as usual and is illustrated in Figure 3(b). Note that aPa−1 lies
on the line a · P, which is perpendicular to a. The reflection of b, which intersects a at a proper
point, preserves the angle between the lines, whereas the reflection of c, which intersects a at an
improper point, preserves the minimal distance between the lines.
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Figure 5: Rotation and null translation in H2
The reflection in a proper point is illustrated in Figure 4(a) where P = e12 − 12e20 + 13e01. The
reflection of a line in a point preserves the distance from the point to the line. The intersection point
of the original line and the reflected line is improper and lies on the line PI−1, which is shown in
Figure 4(a) with the dotted line.
The spin group of H2 is defined in the usual ways and consists of spinors of the form S = e
B where
B is a bivector. The action of SAkS
−1 of the spinor S on the geometric object dually represented
by Ak depends on whether the point dually represented by B is proper, null, or improper.
The action of T = e−
1
2
λT, where the point T is normalised and improper (T2 = 1), is equivalent
to a translation by λ along the proper line TI−1. An example is shown in Figure 4(b) where
T = 1
2
e12 − e20 − 12e01, P = e12 + 13e20 − 12e01, and λ = 1. The trajectory of P under the action of
T with different values of λ ∈ R is shown with a dotted line passing through P; the trajectories for
several other points are also shown. Even though it appears that all such trajectories depart from
the point N+ = (T + 1)(T × e12) and terminate at N− = (T − 1)(T × e12), where T is assumed
to be normalised, the proper points located on a given trajectory are at the same distance from the
line TI−1. The null points N± remain fixed under the action of T but their weight changes; all other
null points move along the unit circle towards N−. Proper points located on the line TI−1 remain
on this line under the translation and the line TI−1 itself is invariant under the translation.
The action of R = e−
1
2
αR, where the point R is normalised and proper (R2 = −1), is equivalent to a
rotation around R by the angle α. An example is given in Figure 5(a), where P = e12 +
1
3
e20− 12e01,
R = 1√
11
(4e12 − 2e20 − 1e01), and α = pi2 . The trajectory of P under the action of R with different
values of α is shown with a dotted line passing through P; the trajectories for two more points are
shown as well. All points along a given trajectory are at the same distance from the point R. So
the trajectories represent circles in H2 with the centre at R. The centre of rotation R is invariant
under the action of the spinor R. The angle α = 2pi is required to complete one full rotation around
a hyperbolic circle.
Any null point in H2 can be written as θN, where θ ∈ R, N = e12 + e0 ∧ a, and a is a normalised
proper line passing through the origin and N. The action of S = e−
1
2
θN, where N is expressed as
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above, may be called a null translation by θ anchored to the null point N. Since N2 = 0, the action
of the spinor S on a proper point P simplifies to
e−
1
2
θNPe
1
2
θN = P + θP×N− 1
4
θ2NPN. (13)
It is illustrated in Figure 5(b) where N = e12+e0∧a, a = 1√5(−e1+2e2), and θ = 1. The trajectories
generated by S with different values of θ ∈ R for three points including P are shown with the dotted
lines. None of the proper points or proper lines is invariant under the null translation, but the null
point, which the null translation is anchored to, is invariant.
3 Hyperbolic space H3
For a plane a = de0 + ae1 + be2 + ce3, a line Λ = p10e10 + p20e20 + p30e30 + p23e23 + p31e31 + p12e12,
where p10p23 + p20p31 + p30p12 = 0, and a point P = we123 + xe320 + ye130 + ze210, I compute
a2 = −d2 + a2 + b2 + c2, Λ2 = p210 + p220 + p230 − p223 − p231 − p212, and P2 = −w2 + x2 + y2 + z2,
which gives ‖a‖ = √|a2|, ‖Λ‖ = √|Λ2|, and ‖P‖ = √|P2|. A plane a is called proper if a2 > 0,
null if a2 = 0, and improper otherwise. A line Λ is proper if Λ2 < 0, null if Λ2 = 0, and improper
otherwise. A point P is proper if P2 < 0, null if P2 = 0, and improper otherwise. The null points
comprise the unit2 sphere centred on the origin of H3; the proper points are located inside this sphere
and improper points are outside. Proper lines and planes pass through some proper points and null
lines and planes are tangent to the unit sphere. Hence, the metric content of H3 is confined to the
inside of the unit sphere; all other points exist in H3 in a non-metric sense only.
The distance r between two normalised proper points P and Q is defined by
sinh r = ‖P ∨Q‖ (14)
and is also given by cosh r = |P ·Q|. The null points are at the infinite distance from any proper
point. The distance to or between improper points is not defined. If a plane a is proper then its
polar point aI is improper, and vice versa (see Figure 6(a) where the unit sphere is shown as a wire
frame). If a is null then its polar point is also null and it is located at the point where a touches the
unit sphere. If a line Λ is proper then ΛI is improper, and vice versa (see Figure 6(b)). The null
points where a proper line Λ intersects the unit sphere are given by N± = (Λ± I)(Λ · e123) provided
that Λ is normalised. If Λ is null then ΛI is also null and it touches the unit sphere at the same
point as Λ. The null point where a null line Λ touches the unit sphere is given by Λ(Λ · e123). The
angle α between two normalised proper planes a and b is defined by
cosα = a · b, (15)
provided that the planes intersect along a proper line. Otherwise the angle between planes is un-
defined. Any plane perpendicular to a proper plane a passes through aI. Similarly, any plane
perpendicular to a proper line Λ passes through ΛI.
The distance r from a normalised proper point P to a normalised proper plane a satisfies sinh r =
|a∨P| and cosh r = ‖a ·P‖. It equals the distance along the line a ·P from P to the point where it
intersects a. The distance from a normalised proper point P to a normalised proper line Λ satisfies
sinh r = ‖Λ∨P‖ and cosh r = ‖Λ ·P‖, where Λ∨P is a plane passing through Λ and P, and Λ ·P
is a plane perpendicular to Λ and passing through P. The angle α between a line Λ and a plane a
intersecting at a proper point satisfies cosα = ‖a · Λ‖ and sinα = ‖a ∧ Λ‖, where a · Λ is a plane
2Once again, this terminology is used in a non-metric sense.
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Figure 6: Basic properties of points, lines, and planes in H3
passing through Λ and perpendicular to a, and a ∧ Λ is a point where Λ intersects a (the angle α
does not take into account the orientation of Λ and a). The angle α between two normalised proper
lines Λ and Θ intersecting at a proper point is given by Λ ·Θ = − cosα. If Λ and Θ intersect at an
improper point, then the distance r between them satisfies |Λ ·Θ| = cosh r.
Any non-simple bivector Λ in H3 can be decomposed into a sum of two complementary lines, Λ =
Λ1 + Λ2, called the axes of Λ, one of which is proper and the other is improper. This follows from
the fact that (Λ ∧Λ)2 < 0 for any non-simple bivector Λ. The axes are given by
Λ1 = Λ/(1 +
1
2
(Λ ∧Λ)/Λ21) and Λ2 = Λ/(1 + 12(Λ ∧Λ)/Λ22), (16)
where
Λ21,2 =
1
2
(
Λ ·Λ±
√
(Λ ·Λ)2 − (Λ ∧Λ)2
)
(17)
or
Λ21,2 =
1
2
(
Λ ·Λ±
√
(Λ ·Λ)2 + (Λ ∨Λ)2
)
, (18)
since I2 = −1. For definiteness, I will assume Λ1 uses the minus sign in (18) and Λ2 uses the
plus sign, so that Λ1 is proper and Λ2 is improper. I get Λ2/‖Λ2‖ = Λ1I/‖Λ1‖ if Λ ∨ Λ < 0
and Λ2/‖Λ2‖ = −Λ1I/‖Λ1‖ if Λ ∨ Λ > 0. If Λ · Λ = 0 then the above formulas simplify to
Λ1,2 =
1
2
(1± I)Λ (note that 1 + I and 1− I are invertible in H3).
The commutator Λ × Φ of two intersecting proper lines Λ and Φ is a simple bivector, i.e. it is
a line. The commutator is a proper, null, or improper line if the intersection point is proper,
null, or improper, respectively. If the proper lines intersect at a proper point, the commutator is
perpendicular to both lines. Proper lines intersecting at a null point are called parallel. If proper
lines intersect at an improper point, they are called hyperparallel. The minimal separation between
such lines is attained along the line (Λ × Φ)I−1, whose polar line is the commutator product (see
figure 7(a)).
If proper lines do not intersect, the commutator is a non-simple bivector, whose axes pass through
the lines. For example, see figure 7(b), where (Λ × Φ)1 is the proper axis of the commutator and
9
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Figure 7: Commutator in H3
(Λ × Φ)2 is its improper axis. If the lines are proper and normalised, then the distance r and the
angle α between them obey Λ ·Φ = − cosh r cosα and |Λ ∨Φ| = sinh r sinα, which gives
2 sinh2 r = u2 + v2 − 1 +
√
(u2 + v2 − 1)2 + 4v2, (19)
and cosα = −u/ cosh r, where u = Λ ·Φ and v = Λ ∨Φ.
The rotation of, say, Λ by the angle α around the proper axis of the commutator brings Λ in contact
with Φ at an improper point without changing the distance between them. As Λ approaches Φ
the axes of the commutator retain their attitude but not their weight. At the point of contact, the
commutator becomes simple: the proper axis disappears (compare figures 7(a) and 7(b)). Similarly,
a translation of Λ by the distance r generated by the improper axis brings Λ in contact with Φ at
a proper point without changing the angle between them. At the point of contact, the commutator
becomes simple: the improper axis disappears.
The usual formulas for projections, rejections, and reflections apply in H3. As long as the geometric
objects involved in a projection and reflection are proper, the result of these two transformations is
also a proper geometric object. On the other hand, the result of a rejection of a proper geometric
object in another proper geometric object is improper. Moreover, the rejection falls on the polar
counterpart of the object with respect to which the rejection is performed. Projections, rejections,
and reflections in null geometric objects are not possible.
The spinors are defined as usual and every spinor S can be written as S = eA or S = −eA where A
is a bivector. Any proper motion of a geometric object Ak can be obtained as an action SAkS
−1 of
spinor S. Four different types of proper motion are possible in H3: rotation around a proper line,
translation along a proper line, null translation, and a combination of rotation around a proper line
and translation along the same line.
The action of a spinor
S = e−
1
2
(α+λI)Λ, (20)
where Λ is a normalized proper line, yields a combination of the rotation around Λ by the angle α
and the translation along the same line by distance |λ| (the direction of the translation depends on
10
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Figure 8: Rotation and translation in H3
the sign of λ). Pure rotation obtains if λ = 0 and pure translation obtains if α = 0. An example of
the rotation around line Λ is given in Figure 8(a), where the circular trajectories (the rotation angle
varies from −pi to pi) of nine different points are shown. The translation along the same line (or
equivalently the translation generated by the line polar to Λ) is given in Figure 8(b) for nine other
points (the translation distance varies from −∞ to +∞). All points on a given trajectory are at a
constant distance from Λ.
The action of a spinor
S = e−
1
2
θΛ, (21)
where Λ is a null line, yields a null translation anchored at the point where Λ touches the unit
sphere. The interpretation of θ depends on the weight of Λ.
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